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Vision-Based Target Geolocation Using Micro Air Vehicles

Meir Pachter®
U.S. Air Force Institute of Technology, Wright—Patterson Air Force Base, Ohio 45433

and

N. Ceccarelli and P. R. Chandler?
U.S. Air Force Research Laboratory, Wright—Patterson Air Force Base, Ohio 45433

DOI: 10.2514/1.31896

A method for determining the location of a stationary ground target when imaged from the air using a camera-
equipped micro air vehicle is developed. The ground object’s elevation is assumed known. Rather than a “one-shot”
affair, multiple bearing measurements of the ground object taken as the aircraft flies around the target are used. This
makes it possible for the adverse effects of both the random measurement errors and the systematic measurement
errors (i.e., attitude sensors’ biases) to be mitigated. The main result of this paper is that when bearing measurements
of a target are taken over time, the target’s position and the micro air vehicle’s systematic attitude-measurement
errors can be jointly estimated using linear regression. As a result, the target is accurately geolocated and the attitude
sensors are calibrated. If only one snap bearing measurement of the target can be taken, the attitude sensors will be
calibrated before arrival at the target area using an initial point. The technique was successfully tested on actual flight
data collected during multiple micro air vehicle operations for cooperative geolocation of unknown targets.

Nomenclature

C = direction cosines matrix

f = focal length of the camera lens

faps = data acquisition frequency for the global positioning
system receiver

R position vector

Tawen = dwell time of the target inside the camera’s
footprint

(x,5,2) Cartesian coordinates of the air vehicle

;€ = line-of-sight angles

P = turn radius

(v, 0, 9) Euler angles of the air vehicle

Subscripts

b = body frame

c = calculated

f = focal plane

k = sample

m = measured variable

n = navigation frame

P = ground object/target

Superscripts

b = body frame

n = navigation frame

1. Introduction

N SUPPORT of the current Cooperative Operation in Urban
Terrain program [1], a micro air vehicle (MAV)-based
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intelligence, surveillance, and reconnaissance [2] mission is
considered. Recent works [3] and reference therein have provided
successful examples of vision-aided autonomous aerial operations.
In this paper, it is envisaged that camera-equipped MAVs are used,
and a method for determining the location of a fixed ground object
when imaged from air vehicles is developed. The pixel location of the
object in the image, the position and attitude of the air vehicles, the
camera’s pose angles, and knowledge of the terrain elevation are
used to geolocate the object. Previous target localization work using
a camera-equipped MAYV is reported in [4], and geolocation using
long-endurance unmanned aerial vehicles has been reported in [5]. In
this paper, rather than a “one-shot” affair, multiple bearing
measurements of the ground object taken as the aircraft flies over the
object/target are used. We assume that the target is identified by a
human operator and is subsequently tracked using a feature-tracking
[6] algorithm; alternatively, the target could be manually tracked by
the human operator. Taking the target’s bearing measurements over
time ensures that adverse effects of both the random measurement
errors and the systematic measurement errors (i.e., attitude sensors’
biases) are mitigated. Although vision-based navigation [7-9] has
been previously studied for different aerial platforms, the main result
of this paper is that the target’s position and the MAV’s systematic
attitude-measurement errors can be jointly estimated using
measurements taken over time and linear regression [10]. As a
result, the target is accurately geolocated. We emphasize that this is
in large part due to the action of the automatic feature-tracking
algorithm [6], which makes it possible to autonomously track the
target designated by the human operator. The feature-tracking
algorithm [6] has a good track record: it has successfully been
employed in an integrated inertial and optical navigation system [11]
and has been proved in simulations, in experiments with ground
vehicles, and in flight test. In this work, it is assumed that an efficient
autonomous feature-tracking algorithm is available and the emphasis
is on the development of the target geolocation algorithm and the
estimation of the microelectromechanical system’s gyro biases.
Finally, the herein developed theory also applies when the target is
being manually tracked by an operator. Preliminary results have been
presented in [12,13].

The main novelty of the present paper is the realization that the air
vehicle’s attitude—heading reference system (AHRS) errors can be
estimated and are obtained as a byproduct of the developed optical
geolocation method; that is, the biases of the positional gyros are
estimated. Particular attention is given to the difficult-to-measure
heading angle caused by the significant heading measurement error
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(i.e., a constant bias of ~40 deg). The assumption of an unknown but
constant bias is justified by the short tracking window ~2 s, as is the
case when the MAVs fly over a target. In addition, the novel
geolocation technique, which uses vision, renders the difficult-to-
estimate wind vector unnecessary.

Strictly speaking, the AHRS’s attitude-measurement error,
averaged over the short measurement interval, is acknowledged and
is estimated. Thus, whereas the ground-object positioning accuracy
achieved when one target bearing is taken is generally poor, due
primarily to the low quality of the inertial measurement unit (IMU)
onboard MAVs, the novel geolocation method developed in this
paper yields a much-enhanced target localization accuracy.
Moreover, the biases of the “positional gyros” can be estimated
before arriving at the target: a short time before overflying the target,
an arbitrary chosen initial point (IP) is tracked for the sole purpose of
calibrating the AHRS. This is similar to the operational practice of
the inertial navigation system (INS) updating before a bombing run,
except that now it is not essential for the coordinates of the IP to be
known. We are not interested in the IP’s coordinates but, rather, in the
biases in the MAV’s Euler angles’ measurements. Having an
estimate of the MAV’s attitude-measurement error is then conducive
to accurate geolocation from a one-shot target-bearing measurement.

The paper is organized as follows. In Sec. II, the geometry of
vision-based geolocation is discussed. The linear regression-based
geolocation algorithm is developed in Sec. III. Estimates of the
MAV’s systematic attitude-measurement errors (i.e., the positional-
gyro biases) are also obtained. Furthermore, the predicted
covariances of the target’s position and the positional gyro’s bias
estimation errors are provided. In Sec. IV, we give an iterative
algorithm for the estimation of large positional-gyro biases, which is
based on the linear regression algorithm developed in Sec. III. First,
the important special case of a flyover of the target, which reduces the
problem to 2-D geometry, is analyzed in detail in Sec. V, whereas the
derivation of the regression algorithm is reported in Appendix A. The
three-dimensional geometry is analyzed in detail in Sec. VI, in which
special attention is given to the estimation of the large yaw-angle
measurement bias. The results of simulations performed to validate
the performance of the novel geolocation algorithm are presented in
Sec. VII. The detailed mathematical derivation is reported in
Appendix B. Special attention to geolocation using a single, one-
shot, target-bearing measurement is given in Sec. VIII. Results
obtained from actual flight data relative to multiple MA Vs operations
are presented in Sec. IX. Extensions of the developed theory are
discussed in Sec. X, followed by concluding remarks in Sec. XI.

II. Geometry

The human operator identifies/detects the ground object of interest
and an image processing algorithm extracts the line-of-sight (LOS)
direction (see, for example, [6]). Henceforth, the image processing
algorithm autonomously tracks the designated feature in the image;
alternatively, the target could be manually tracked by the human
operator. Thus, bearings-only measurements of the ground object
taken over time are obtained. The measurement equation for the
vision-based geolocation method flows from the geometry of the
measurement arrangement.

cosycosf cosyrsinfsin g — sin Y cos ¢
Cp = sinycosf coscos¢ + sinysin Osin @
—sinf cos 6sin ¢

The aircraft and the ground-object/feature P are shown in Fig. 1.
Without loss of generality, assume the camera and MAV’s body axes
frames are aligned and collocated. Hence, we exclusively refer to the
body b frame. The following holds:

Rp =R+ Ryos

Fig. 1 Line of sight.

and hence
Ry =R™ + C} - Rios M

The measurements x, and y  are the coordinates of the image of the
ground object P in the camera’s focal plane (see Fig. 1, in which the
navigation frame and the body frame are shown). The target’s image
P’ is recorded in the image plane. The navigation frame n is attached
to the flat and nonrotating Earth. The flat and nonrotating Earth
assumption is justified in view of the short range of the MAV
operations under consideration.

From Fig. 1,
1 Xg
- - 1 )
oo ol | =%—R 6)
x} + y_% + 1 ]{ |Rios| "%
Combining Eqgs. (1) and (2) yields

x Xp R Xy

v = | -l 3)

z ) gyt o\ f

The navigation state (x, y, z, ¥, 0, )T is provided by the onboard
global positioning system (GPS) receiver and the AHRS; the MAV’s
Euler angles feature in the direction cosines matrix (DCM)
Cp = Cp(y, 0, ¢); that is,

sin ¥ sin ¢ + cos V¥ sin 6 cos ¢
sin ¥ sin 6 cos ¢ — cos ¥ sin ¢
cos cos ¢

Equation (3) has the strength of two equations in the six variables that
comprise the navigation state. The third equation in Eq. (3) is

RLos] A
(0,0, )Cy| ¥y

ip 3 =—F
VY f
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and thus,

Rosl o,
VI X
©0.0.1¢;| ¥

7

Inserting this expression into the first two equations in Eq. (3) yields
the two equations, referred to as the main equation:

()=()

1 100 Xr 4
+(ZP_Z)—X|:O 1 O]CZ Vs ()
f f
©,0,1)C:| v,

f

The main equation ties together the MAV’s state, the tracked ground
object’s position, and the measurements.

III. Linear Regression
We estimate the parameter

0=16,,6,]"
where
0, = [xp, ypl"
is the position of the ground object and
0, = [Sa. 5B, 8y1"

which quantifies a small-angle rotation misalignment, is the bias
error in the attitude measurement provided by the MAV’s AHRS.
We note that these, however, are not the biases in the Euler angles
(see Sec. IILA).

The measured variables are

yi =[xy z.x0y0"
and the DCM
Cy =Cy(y,6.9)

The position (x, y, z) of the MAV is provided by the GPS receiver
onboard the MAV and (x/, y,) are the coordinates of the image of the
ground objects in the focal plane of the camera carried by the MAV.
The MAV’s (3, 2, 1) Euler angles (¢, 0, ¢) (i.e., the DCM C}) is
provided by the MAV’s AHRS. Thus, the measurement equation has
the general form

O =fOr, Cﬁ) %)

where the nonlinear function f is specified by the RHS of Eq. (4).
The actual measurements are
=y + v, vy ~N(O,R)) (6)

and the strapdown INS/AHRS calculated DCM is
Cp, = C} +8Cy = €} + 8C (6, + v:: C})
~ C} + 6C} (92 + vy; CZ()

= C}) +8C3(0, + vy), v, ~ N(O, Ry) @)
where the Gaussian measurement noise covariances R, and R, are
5x5 and 3 x3 real symmetric positive-definite matrices,
respectively. We shall assume that R, is a diagonal matrix and
R, = 0*I;. Inserting Eqs. (6) and (7) into the measurement
equation (3), we obtain the nonlinear measurement equation:

0, = f|z1 = 1. €}, = 8C3(60: +v)] ®)

As will become apparent, the attitude-measurement error §C}. is a
linear function of 6, + v, and, moreover, is homogeneous in 8, + v,
[i-e.,8C};(0) = 0]. Assume the random Gaussian measurement errors
v; and v, are small as is the systematic attitude-measurement error;
that is, the bias 6,, is small. Using Taylor’s theorem then gives

f(z1 —0,,C) - 5cg) ~ f(zl, C;‘L_)
i af f

BT A P T ©)
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and combining Egs. (8) and (9) yields the linearized measurement
equation
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Suppose that N(> 2) bearings are taken at the discrete time
instants k = 1, ..., N and the measurements

(E 3 BN C e/ RO Ce

are accumulated. Using Eq. (10), one generates the linear regression
in the parameter 6 € R>:

I, L ’
f(ZlI,CZ{FI) = 2,.Cp
. . . ‘1
=1 - . 0+V (11)
n P
fziys C;,{,N) I, ;sz
L le.Cx[N |
The equation error
V ~N(0,R)

and its covariance

T
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(af ) z(af )T}N )
mk.Cg(k 892 z1k1C;,’(.k k=1
that is,
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It is important to realize that the measurement equation (8) is
linearized in the measurement error, and as a result, a linear
regression is obtained. The linearization is justified as long as the
measurement errors are small. The position measurement errors of a
GPS receiver are indeed small: 0, = 0, ~ 5 m, and o, is slightly
larger; however, when baroaltitude measurements are used, o, is
~3 m. Furthermore, the bearing-angle measurements provided by
the camera are accurate: 5 mrad of angular error translate into a
positional error of 5 m at a distance of 1000 m. It stands to reason that
over the short measurement interval, the AHRS’s random
component of attitude-measurement errors is also small. We note a
low-cost AHRS’s systematic attitude-measurement errors: that is,
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the bias 6,, could be large. However, the functions that are being
linearized are the trigonometric functions: because for the sin(-)
trigonometric function, the small-angle assumption holds up to

~30deg,
T osinl® _1
6 ~"e) "2

and by the same token, the small-angle assumption is certainly valid
up to 11 deg for the cos(-) trigonometric function, we are confident
that linearization is justified. Our key assumption is that the
systematic attitude-measurement errors are constant over the short-
measurement-time horizon. Hence, the parameter estimate is given
by the solution of a linear regression and the parameter estimate is the
maximum likelihood estimate. In other words, the parameter
estimate is unbiased and the predicted covariance of the parameter
estimation error is reliable. No iterations are required.
Let us denote the partial derivatives

af

3)/1 Z|.C;:
and

of

892 |zl.CZ

with the 2 x 5 matrix

_ o
_8Y1

:|:1 0 a3 a4 al.5:|
e 0 1 ay; ays aps
and the 2 x 3 matrix

i

B
30,

_| b bip bis

e byy by by
The entries of the A and B matrices are evaluated using the
measured variables z; and Cj . When variables measured at time k

are used, the preceding matrices are denoted as A, and B,.. Hence, the
linear regression is explicitly given in Eq. (13),

f(Zl,,Cﬁl]) I, B,
= - - |0+ V (13)
flan-ci,)) Lb By
and the equation error covariance is
R= diag({AleA[ + oszB[}kN_l) (14)

The solution of the linear regression, Eqs. (13) and (14), yields the
closed-form formula for the minimum variance parameter estimate
(101,

7 | b T, 2p pr)”! B
b= [Z o (ARiAT + 0*B,B] ) [Iz,Bk]]

k
| L T, 2p pr\ !

<y . (4riAT +0B,87) (21, C3)) (15)

and the (predicted) parameter’s estimation error covariance is

P =E[0-0)(0-0T]

N _ -1
= [Z[ BZT}(A/J%AZ +0°B,57 ) 1(Iz,Bk)} (16)

k=1 k

Remark I: Although the measurement equation is linearized, no
iterations are required, and obtaining the parameter estimate and
geolocating the target boils down to the solution of a linear
regression, which entails the inversion of a 5 X 5 matrix, an easy
computational task.

Remark 2: Because the parameter estimate is obtained via the
solution of a linear regression, the parameter estimate is not biased;
that is, the target is accurately geolocated. Moreover, a reliable data-
driven estimate P of the localization error is also obtained.

A. Euler Angles’ Estimation

The biases 8¢, 86, and 8y in the Euler angles are not directly
estimated; that is, the parameter

59
6, # | 5
Sy
The errors in the Euler angles are obtained as follows. Denote with

vx € R¥3 the skew symmetric matrix associated with a generic
vectorv=[v, v, v3]" €R%:

0 —U3 %)

A
VX=| 1 0 -
—vy, U 0

We know [14] that
Ch ~ (I +8¥x)C},
where
8% = (80 5B.8)1" (17)

Hence, using the attitude-measurement bias estimate given in
Eq. (15) (i.e., using the parameter estimate éz), the DCM estimate is
obtained,

Cr=U+69C, (). 0=1=Tyu
and the Euler angles’ estimates @(t), é(z), and qg(t) are obtained from
the DCM C 5 (2). Tywen is the length of the measurement interval. The
Euler angles’ estimates and the DCM estimate C’Z () can be used for
0 <t =T,where T > Tyyen, provided that T — T, is sufficiently
small. Now the raw IMU-calculated Euler angles V.., 6., and ¢, are
directly obtained from the DCM C},_and vice versa. In conclusion, a
method was devised for estimating the Euler angles from the IMU,

provided raw Euler angles’ measurements ¥/, .., and ¢,.. Finally, the
Euler angles’ biases are calculated as follows. Let

A

59](:: Gck—ek
k=1,...,N

S =Y, — I&kv
8¢k = ¢(rk - ¢?k’
where the subscript k indicates the variable value evaluated at instant

time kAT, with AT = Tg,en/N. Finally, the estimates of the Euler
angles’ biases are

A 1 N ~ 1 N A~ 1 N
w:N;&/fk, sezﬁz(sek, 5¢:N25"’k

Having established the systematic Euler angles’ measurement
errors, when a one-shot bearing of a target is then taken at time
t > Tywen»> the measured Euler angles are corrected as follows:

A~

IO =y -8y, 6(0) = 6.(1)— 30

(1) = p.(1) — 5.

Tyyen <t

As a result, the target is rapidly and accurately geolocated.
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B. Yaw-Angle Bias

During nonmaneuvering flight, the pitch and roll angles can be
accurately measured using inclinometers (i.e., accelerometers).
However, the yaw-angle measurement is somewhat problematic, and
when a miniaturized magnetic flux gate and/or a compass are used,
large measurement errors are recorded. The yaw-angle measurement
error can be an order of magnitude higher than the pitch or roll
angles’ measurement errors; that is, the systematic pitch and roll
measurement error are a couple of degrees, whereas the bias in the
yaw-angle measurement can be more than 20 deg. Hence, to facilitate
the estimation of the critical yaw-angle bias §v, a reduced parameter
vector 6, is employed; that is, during wing-level flight and constant
speed, only the bias in the yaw-angle measurement is estimated,

6, =8y(e R")

so that a reduced parameter vector comprising the three components
Xp, yp, and 8y is estimated.

The linear regression algorithm is modified as follows. The B
matrices are 2 X 1 matrices:

by, )
B=|("
( by,
The entries b, ; and b, ; are computed as before. Note that §yr # §y;
similar to the analysis in Sec. IIL.A, an estimate of the yaw-angle bias

8y must be obtained. If, however, the pitch and roll angles are small,
8y ~ §y.

Alternatively, because it is assumed that the pitch and roll angles
are accurately measured and only the bias in the yaw angle is
addressed, it is possible to derive the linear regression by perturbing
the DCM in the yaw angle ¥ and directly obtain the yaw-angle bias

estimate 8.
The algorithm for the estimation of the yaw-angle measurement
errors (i.e., the yaw-angle bias) is given in Sec. VI.

IV. Nonlinear Regression

The possibility of a large systematic attitude-measurement error
(i.e., a large measurement bias 6,) invalidates the small-angle
assumption and, consequently, the linear hypothesis. We now
acknowledge that the function f is nonlinear in the parameter 6,. This
forces us to address a nonlinear parameter estimation (i.e., nonlinear
regression) problem. As before, the random measurement errors v,
and v, are assumed small.

In the best tradition of the iterative least-squares (ILS) method for
the solution of nonlinear regressions, assume that at iteration step i a

good estimate ézi of the parameter 6, is available; in other words, the
estimation error | 6’2 —0,|is small The parameter 6, is associated
w1th the DCM error §C}, and 6’ is associated with the DCM error
5C b - The derivation of Eq. (9) is modified as follows. Write

f(z1 —v1.C}, —5C}) =f[ v, —8C;" — (scy —50”‘”)]

For small v, and | SCA‘Z(“ —8C} | (i.e., for small | o —
theorem yields

0, |), Taylor’s

2 —v.Cy =56 — (8Cy —5C
f[ v, Cr —sCn" — ( ”"’)]

Antd) a‘f
~ f(ZI ’ Cb — 4G, ) ayl z,,CZ‘f‘sCA;(”
af o

()

The linearized measurement equation is thus obtained

Uy —
802 2 Cn 8C”") 892 2 Cn 5C”

of af
o/ R Tork O~ 0, +
f(z b )+ 392 ey —8@2([) 1+ 302 L
d )
L .
ay |, sy 96, a.cp —s¢y"

Suppose N(> 2) bearings are taken at the discrete time instants
k=1,...,N and the measurements
(Zle CZ(.N)

(lecﬁq)v-~-’(ZlkaZ%)s--w

are accumulated. Using the linearized measurement equation, one
generates the linear regression in the parameter 6 € R®, which is
solved in the i 4 1 iteration:

~An() af A(@i)
f(zll,Cg —6Cy" )+ A
b4 C,”) —5C}
An® of A(i)
o Ch, —063") + i R
2y G —0Ch
af
L 5 )
o€y, —5C;
=1 : : 0+V (18)
A
B o —sen?
2n-Che, 70
The equation error
V ~N(,R)

and, as before, its covariance is given by Eq. (12).
Set

At

cp =y —8C;

and, as in Sec. III, proceed to evaluate the entries of the A and B
matrices. The linear regression Eq. (18) is solved; that is, the i 4+ 1

iteration is performed and the new parameter estimates 6, and 95"*”
are obtained.
To start the iteration, use the initial guess

09 =

When the attitude angles’ measurement bias is less than 30 deg and
the geometry is good, simulation experiments show that no more
than five or six iterations are required.

At the conclusion of the iteration process, the positional-gyro bias
estimate 6, and the predicted covariance P of the parameter
estimation error are obtained. Finally, revisiting Eq. (8), an
“improved” target position estimate might be calculated; that is,

N A

V. Two-Dimensional Geometry

The important scenario in which the MAV overflies the ground
object is now considered. Thus, we confine our attention to the
vertical planes x and z. We are interested in estimating the ground
object’s position xp. Thus, the geolocation methodology developed
in Secs. II and I is applied to the special 2-D case. The main
equation for the 2-D case is obtained by settingg =y =y =y, =0
in Eq. (4). It is, however, instructive to rederive the main equation
from first principles: in 2-D, the DCM
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. | cos@ sinf Ryos| = Z=Zp
i = [ —sinf cos 9i| LOST ™ sin( — ¢)
and Eq. (3) is reduced to and inserting this expression into the first Eq. (20) yields one

] equation in xp, referred to as the main equation, which relates the
(x” ) = (x) + |Reos| |: cosf sinf :| (xf (19) MAV’s navigation state (x, z, 8), the position (xp, zp) of the ground
f

<p z / 24l sinf  cos object P, and the LOS measurements {:
The LOS angle is ¢, and thus xp =x+ (z—zp)cot(6 — ) @21
xp = feotl The actual measurements are
Because

Xy =X+, v‘x~N<O,q§), In =2+,

7\/@:9@ vz~N(0,0§), 6, =0+ b+, v9~N(o,ag)

w=C+v,, v, ~N(0,02
Eq. (19) gives fn=Etu ¢ ( t)

(xp ) _ (x) 4 [Ryos| |: cos 0 sin6 ] (Cf)s ¢ ) (20) where the subscript m denotes measured variables and the bias b is
Zp Z —sinf cos6 |\ sin¢ the systematic measurement error of the MAV’s pitch angle 6.

The ground object’s position estimate is derived in Appendix A.I
The second equation in Eq. (20) yields and is explicitly given by

),(\:P:l XN: (ZP_ka)z
4115 0381040, — G + 0251020, = 5, )008 (O, — ) + (2, — 290 (0F + 2
. al (ka - ZP) COt(ka - ;mk) + xmk
Zm, — 2p 2

=1 52 1+ g2cof? _ _ ST 2P 2, 2

oy + ozcot* (0, — &) + (sin2 6 — é'mk)) (09 + Uz)
_ i ip — Zmy

: Zm, —2p 2
k=1 42 2 9 — g 2 9 _ L S 2 2

RS0y, = )+ 0200y, ~80) + (o ) (03 + o2)

. N xmk (ZP - ka) - (ZP - ka)z COt(emk - g‘mk)
: Zm, — R 2
k=1 U)%Sln ( my, é‘mk) + 0 cos ( my ;k) + (W) (05 + U?)
s my my
and
N .2
12 (zp = zm,) 22)
di= o2sin* (8, — &) + 02sin? (6, — £,,)c08% (0, — &) + (2, — 2p)? (05 + ag)
where
N 2
(zp = 2m,)

d k

2 O25in* (6, = ) + O25I0% (0, = £,,)¢052(6,, — &) + (2, — 20)*(03 + 0F)

al 1

pe =2\
k=102 + oZcot?(6,, — &) + (Sinz(émk — ka)) (ag + O’?)

N
p — Zmy

. Zi, — 2 2
k=1 0%8111 ( ‘my ;mk + O' Cos ( ;k) + (mdi_g)) (05 + 0'?)
my my

When the pitch-angle measurement-error/bias b is large, an ILS algorithm may be employed to obtain a reliable estimate (see Appendix A.Il and
Sec. IV).
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A. Optimal Geometry
Consider a constant-altitude /4, constant speed V flyover. Set

tan(é‘k)zm, k:(),],...,N

where N is the number of steps for which the object is detectable and,
without loss of generality, assume xp = zp = 0.

The problem parameters are V, h, xp, zp, AT,and N, and 0, 7, 0y,
and 0,,, To ascertain the impact of the geometry of the measurement
arrangement on the accuracy of the geolocation of the ground object,
one must first nondimensionalize/scale the variables and the
parameters. We set

AT Xp ip

V->V— Xp = —, p —> —
h’ h h

Ox g; UXP
UX—>Z, 02—>Z, 0y, — Y

The accuracy of the geolocation method is specified by o, . For the
scenario under consideration, Eq. (22) yields

e 1
~ 4 23
o d ; ogsin®(,, + 07sin’g,, cos’¢,, + oj + o} (23)
where
3 1
d= _ :
; U)%Sln4§n1A + UESIIlzé',,lkcosz{k + gg + O'?
XN: sin*¢,,
— o3sin*(,, + o7sin’{,, cos’g, + oj + oF
N .
e
k=1 UfS1n4§mk + a?sngmkcoszgk + 07 + U?
and
§n%, —— 1 0s)
k 1 + (N _ k)2v2

Inserting Eq. (25) into Egs. (23) and (24) yields

1% [1+ (N —k)2V2p
di= 02 +02(N—k)?V? + (05 +0§) [1 + (N—k)sz]2
and

g XN: [1 4+ (N —k)?V]
=102+ 02(N —k)>V? + (05 + 0?)[1 + (N — k)?V2P?

Ul 1

S o2+ (N — k2 + (ag + ag)[l (N — k2V2P

> 1+ (N —k)2V? 2
1%z J

=102+ 02(N —k)>V? + (0(3 + O'?)[l + (N — k)?V2?

The nondimensional problem parameters are the measurement-error
standard deviations o,, 0., 0y, 0, and V, which assumes the role of
the V over h parameter in photogrammetry. Assuming o, =0, =
0y = 0 gives

W I [1+ N —k*VP
Ze_ |- )
’ ST+ (N =RV + (1 +%)[1 + (N — )2V
1 1
_ |1 26
d; o3 ' (26)
1+;+4[1+(N7k)2v2]z
and
= [1+ (N —k)>2VP

a=y
=L+ (N =)V + (1 + Z—é)[l + (N —k)?V?P

1

: 2
114 (N — k)22 + (1 T %)[1 + (N — k)2V2P

N 1+ (N — k)2V?2 2
-1 }

2
T (1 + Z—‘;)[l + (N — PV2P

@7

The impact of the geometry on the quality of the measurement is
quantified by the ratio o, /0. Hence, one must evaluate the sums in
Egs. (26) and (27).

VI. Algorithm Development for Three-Dimensional
Geometry

As discussed in Sec. IIL.B, we consider the case in which the pitch
and roll angles are accurately measured using inclinometers or
accelerometers, but the yaw-angle measurement is affected by a
systematic bias §y. Hence, the scenario is now considered in which a
MAV is moving in the three-dimensional space with bias only on the
yaw-angle measurements. The target LOS is assumed measured by
the azimuth and elevation angles & and ¢, as depicted in Fig. 1. Thus,

5= 5 + 33 + f cos(©) cos(®),
3= 5 + 37 + 2 cos@) sin@)

f

= sin
NEESET

Because

Eq. (4) becomes

Xp X p—2 1 00
(yP) (y)+(0,0,1)cgv,, [o B EACRC

where

cos(¢) cos(§)
Vi, = | cos()sin(§)
sin(¢)

. The following parameters are estimated:
0=1[60,,0,]"
where, as before,
6, = [xp, yp]"

is the position of the ground object and now
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92=W

is the bias in the yaw measurement provided by the MAV’s AHRS.
The measured variables are

y =Dyl

where

n=1xyz8804
and
=y
The measurements are

1=yt L=Y+V+u,
where v; € R” ~N(0, R, ) and v, € R ~ N(0, R,,) are identically
Gaussian noises.

Finally, the partial derivatives of the right-hand side of Eq. (28) are
directly obtained as follows, to evaluate Eqs. (15) and (16) (see
Appendix B):

and

202

VII. Simulation
A. Scenarios

Three scenarios relevant to the MA Vs experimental setup [1] at the
U.S. Air Force Research Laboratory (AFRL) are investigated (see
Table 1). The MAV is equipped with a forward-looking and a
side-looking camera with a horizontal/vertical field of view
(FOV = 30deg) and depression angle § = 45 deg. The scenarios
refer to three maneuvers flown by AFRL’s MAVs. The main
difference among them is the dwell time Ty, of the target inside the
camera’s footprint and hence the number of data samples available.
The latter is determined by the footprint and the flown maneuver.

The MAV’s airspeed is V,, = 12.35 m/s, its minimum turn radius
is Ry, ~ 60 m, and the cruise altitude is 30 m < & < 60 m. For
each scenario, 100 Monte Carlo (MC) runs were performed and a
statistical analysis is provided and summarized in Table 2. The rms
error in target position estimate, the average predicted standard
deviation opgps When differential GPS (DGPS) is used, the
maximum error in estimated target position [xp, yp], and the yaw-
angle bias §y estimate are documented. For the target position
[xp, yp], we also provided the resulting average standard deviation
ogps When GPS is used.

1. Assumptions

Assumptions concerning the data acquisition process are as
follows: constant-altitude flight is at 7 = 45 m, GPS data acquisition
frequency is fgps = 4 Hz, 0, = 0y = 0, = 5 deg, bias in the yaw-
angle measurement is &y =40deg, o, =0z =0.5deg, DGPS

Table 1 Scenarios considered in the
simulation-based analysis

Maneuver Employed camera
Overflight Front
Flyby Side
Loitering Side

Table 2 Target geolocation:100 MC runs

RMS OpGps Max error  Ogps
Overflight X, m 3.47 2.01 7.60 5.38
y, m 4.39 3.96 10.93 6.37

8y, deg 5.45 deg 456deg  13.03 deg
Flyby X, m 20.28 8.77 45.62 10.10
y, m 11.39 4.80 48.29 6.92
Sy, deg  29.63 deg 12.04deg  93.17deg ——
Loitering X, m 0.84 0.55 1.73 5.03
y, m 1.12 0.48 2.2 5.02
8, deg 0.34 deg 0.35 deg 0.8 deg —_

horizontal uncertainty is o, = 0, ~ 0.62 m, 0, ~ 1.5 m, and GPS
horizontal uncertainty is o, = 0, >~ 5 m.

2. Overflight Using a Forward-Looking Camera

In this scenario, the MAV flies straight and level using a forward-
looking camera pointed toward the object of interest. As shown in
Fig. 2, the target image acquisition starts at a distance p; from the
target and ends at a distance p,, where

h h

PL= tan(rr/6)’ P2 = tan(7/3)

Hence, by expressing the dwell time of the object of interest inside
the camera’s footprint as a function of the altitude, one obtains

T — P1— P2 _ ﬁ 1 . 1
dwell v, V, \tan(/6) tan(w/3)

2 h
=~ h-0.0935 [s/m

Typical trajectory and LOS angle measurements are shown in Fig. 3
and the simulation results of 100 MC runs are summarized in Table 2.
The average condition number/ratio of eigenvalues of the
nondimensional matrix P is ~ 30.8, and the simulation time
Tawen == 4.2 s; that is, Tgyep - fgps = 17 data samples are available
for each MC run.

3. Flyby Using the Side-Looking Camera

In this scenario, the MAV is flying straight and level while
acquiring images of the object of interest from its side-looking
camera. As shown in Fig. 4, target image acquisition starts at a
distance p, before the target’s projection onto the flight path of the
MAYV and ends at a distance p, after this point. To maintain the target
in the center of the footprint, the offset L of the flight path from the
target was chosen such that L = &/ tan 8, and hence

h tan( =
sin 8 12

Furthermore, by expressing the dwell time of the target inside the
footprint as a function of altitude, one obtains

P1= P2 =

p2 Target

Fig. 2 Overflight flyover using the forward-looking camera.
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Fig. 4 Flyby with a side-looking camera.
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Typical trajectory and LOS angle measurements are shown in
Fig. 3, and the results of 100 MC runs are summarized in Table 2. The

| m— measured

o actual
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a) FB: MAV’s GPS measured positions

LOS, deg

average condition number (i.e., the ratio of the eigenvalues of the
nondimensional matrix P) is >~ 93.8. It is noticeably higher than in
the case in which the forward-looking camerais used, mainly due to a
reduced measurement interval T4, =~ 2.7 s and, consequently, a
reduced number of bearing samples T g, - fgps = 11.

4. Loitering Flight

In this scenario, the MAYV is orbiting/loitering in the vicinity of the
target while acquiring images of the target from its side-looking
camera. One should pay attention to the nonlinear relation that holds
between the altitude and the turn radius, to maintain the target inside
the camera’s footprint (see Fig. 6). Indeed, the bank angle ¢ plays an
important role in defining the LOS in the body frame. It can be shown
that at an altitude of 4 ~ 60 m, a ground target can be maintained
inside the footprint, with turning radii in the range p € [60 m, 120 m]
for camera depression angles:

110p

L o

100 D
"
- =
-'
%o oo
-
-
- "

L -

80 s P _Cm
-

p -y
or actual
60f
50t
0 ; ; ; ; ; ; ; H ;

0 02 04 06 08 1 12 14 16 18

time, s

b) FB: target LOS angles
Fig. 5 Flyby time histories of GPS positions and LOS angles.
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p
Fig. 6 Loitering/orbiting flight.

Note that when performing a loiter maneuver, the dwell time of the
target inside the camera’s footprint is not an issue because it does not
depend on the footprint’s geometry.

Typical trajectory and LOS angle measurements are shown in
Fig. 7, and the results for 100 MC simulation runs are summarized in
Table 2. The turn radius was set to p >~ 73 m and the altitude
h =45 m, resulting in a bank angle of ¢ =12deg. With the
measurement interval extended to 7gyey = 100 S, Tyyen * fgps = 400
bearing samples are processed, significantly reducing the average
condition number of P ~ 7.0 compared with the previous two
scenarios. Not only good estimates of target position and gyro bias
were obtained, but most importantly, the experimentally resulting
parameter-estimation error variances are consistent with the
predicted parameter estimation error variances.

In the next section, the methods developed herein will be applied
to the problem of one-shot target geolocalization, in which only one
data point (i.e., only one camera frame featuring the object of
interest) is available.

VIII. Single-Shot Geolocalization

‘We now consider geolocation using a single-shot measurement, as
initiated by a mouse click of the operator. A point of interest
[x7, y7, z7]" of known elevation z; is selected in the image and its
bearing measurement (¢, £) is recorded. The true LOS is

{~ NG o)e~NE o)

We assume that using the technique presented in the previous
sections, a current estimate of the bias §y in the yaw-angle
measurement is already available, having been previously obtained
as aresult of tracking an arbitrary, but distinguishable, feature in the
video stream: we refer to the tracking of an IP. Now the nonlinear
relation between the point of interest and the vehicle state has the
following form:

measured

actual

a) L: MAV’s GPS measured positions

X _ (X _ ; 1007,
(yT)_(y)+(ZT 9 (0,0,I)Cgvb[o 1 O]Cbe (29)

The unscented transformation [15] is used to calculate the mean and
covariance of the target position [x, y7]”. One rewrites Eq. (29) as

y = h(x)
where y = [x7, y7]” and
X =[x,y,2,9,0,0,80. &
Denote the augmented state by X € RE*2E+! where L =9 is the

state dimension, and where &';, the ith column of X, is a sigma point.
Initialize as follows:

XOZ)_(:(xm’ymvzm’1//;;179mv$m’g1p7§7‘§) (30)
X,=x+JL+MP, i=1,...L (31)

X, =x— J(L+ NP,

where A = a?(L + k) — L, with @ = 1073 and k = 0. The elements
of x and

i=L+1,...,2L (32)

— 2 2 2 2 2 2 =) 2 2
P, = dlag(ox,Uy,az,ow,ag,as,aw,az,05)

are the measured values of the vehicle’s state and the information on
the measurement errors, respectively, with the exception of 8y and
6@’ which are the yaw angle’s bias mean and predicted estimation

error variance.
Next, the following weights are defined:

m — c — 1_2
Wi=ra WispgptUi-eth
1
Wh=W¢=—
i i 2(L+)\,)
with B = 2. Denote with
yi:h(Xi) (33)

the propagation of the sigma points through the nonlinear relation
h(-). Finally, compute the predicted mean and variance for the
random variable y:

2L
y~ ) Wiy (34)
i=0
100
20
© Cm
Em —
g | e actual
& 70F
e}
)
60
Cm
50 \
40 .
0 20 40 60 80 100
time, s

b) L: target LOS angles

Fig. 7 Loitering time histories of GPS positions and LOS angles.
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Fig. 8 One-shot localization of a target’s position for different approach scenarios.

2L
Py Y Wi - D)V —§) (35)
i=0

Monte Carlo simulations were performed to evaluate the
performance of the technique presented, with respect to the
scenarios introduced in the previous section. Typical runs are
presented in Fig. 8, in which the black star is the one-shot target’s
actual position (x, y7), the asterisk is the expected mean value y, and
the gray ellipse is the associated 99% confidence interval given by
Py. The black dot and associated ellipse represent the result of the
geolocalization of an arbitrary chosen point [the IP = (x,,y,)]
performed to estimate the bias §¢ =40deg in the yaw-angle
measurement. In Table 3, the statistical results are reported in terms
of root mean square error (rms), average predicted variance opgps,
and maximum estimation error; the uncertainty associated with the
GPS measurement errors 6 gpg is also listed.

The extensive simulations validate the one-shot geolocalization
method developed in this paper. The achieved position uncertainty is
about £10 m in the north and east directions. This level of
performance was demonstrated in both overflight and loiter
maneuvers, but with the exclusion of the flyby maneuver because of
the extremely poor yaw bias estimate in that particular case. With the
present values o, = 0y = 0, = 5 deg, no benefit is gained by opting

Table 3 One-shot estimation performance:100 MC runs

RMS, m OpGps Max error OGps

Overflight X, m 9.56 8.46 28.52 9.83
¥y, m 7.73 6.92 21.55 8.53

Flyby X, m 14.30 9.70 52.64 1091
¥y, m 25.94 11.21 71.64 12.27

Loitering X, m 8.76 79 33.07 9.37
y, m 6.97 6.55 25.83 8.24

for a significantly longer loiter maneuver compared with a straight
overflight.

IX. Flight Data Results

In this section, the approach previously presented is now validated
using flight test data. The scenario is illustrated in Fig. 9. The MAV is
flying a preplanned path in an urban environment with a cruise air
speed of 12.35 m/s (~24 kt). Two targets (white triangles) pop up in
the video stream: they lie inside the camera footprint (black
trapezoid). The human operator points them out by clicking on the
two distinct video frames in the video stream in which the objects of
interest are visible. It is required to accurately localize these targets
on the area map.

In Fig. 9, the light path represents the GPS ground track. The
arrows represent the heading as measured by the MAV’s magnetic

North, m

East, m
Fig. 9 Flight test: an urban scenario.
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Fig. 10 First target localization.

flux gate. The two gray dots are the MAV’s GPS positions while
acquiring the two frames in which the targets are pointed out. A wind
of about 5 kt from the south was reported by an external weather
station located on the roof of the highest building in the center of the
urban area.

The following assumptions on the measurement process were
employed: 0, = 0, = 0.6 m, 0, = 3 m, 0, = 0y = 0, = l deg, and
0y = 0z = 0.5deg.

The assumption of constant bias in the heading measurement
provided by the flux gate is supported by Fig. 9, in which the arrows
(the indicated heading measurements) display a significant, albeit
constant, angular offset with respect to the direction of motion and
which cannot be explained as a crab or sideslip angle.

In Figs. 10 and 11, the target localization results based on the
actual flight data are reported. In particular, Figs. 10a and 11a refer to
the frame in which the operator has pointed out the two pop-up
targets. Once a target has been designated, a video clip before the
frame in which the target was designated is chosen. A feature on the
ground (an IP) is tracked using this video clip and the bias 8y in the
heading-angle measurement is estimated. Figures 10c, 10d, 11c, and
11d refer to IP tracking; the dashed line represents the path of the IP in
the image plane. The resulting azimuth- and elevation-angle
sequences are depicted in Figs. 10e and 1le. Figures 10f and 11f
show the MAV’s Euler angles during the duration of the video clip.
Finally, Figs. 10b and 11b show the result of the complete
localization process. The light path is the GPS ground track of the
MAYV during the video clip. The black dot and asterisk are the true
position and estimated position of the tracked feature (the IP) during

the yaw-angle sensor calibration. The white triangle and black
asterisk are true position and estimated position of the unknown
target. The thick and thin ellipsoids are the 99% respective
confidence intervals when GPS or DGPS is used.

For the first target, a pickup truck in Fig. 10, the video clip selected
is 3.25 slong so that 15 frames (i.e., 15 data points) are available. The
tracked feature (the IP) is the top right corner of the pavement area in
Fig. 10c. The operator has selected the target as it appears in the last
frame. The resulting estimate of the bias in the yaw-angle
measurement is

8y = —23.2deg, o35 = 2.67deg

The square roots of the eigenvalues of the covariance matrix Py of the
target position estimation error, determined in part by the GPS
uncertainty in the MAV’s position, are

VA ~96m, A, ~84m

The resulting localization error, about ~3 m, is practically
insignificant.

For the second target, a sedan in Fig. 11, the video clip is 2.75 s
long with 12 frames/data points available. The feature tracked in the
video is a manhole in the middle of the street, behind the building in
Fig. 11c. The operator has selected this IP, which appears in the first
frame. The resulting yaw-angle bias estimate is
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Fig. 11 Second target localization.

S = —21.2deg, 05 = 3.91deg

The square root of the eigenvalues of the covariance Py of the target
position estimation error, using the GPS uncertainty in the vehicle
position, is

VA, ~89m, VA, ~9.0m

The resulting localization error of ~9.14 m is well inside the 99%
confidence ellipse.

A. Cooperative Localization

In the case of multiple views of the same target, information fusion
can be performed to reduce the uncertainty in the parameters’
estimates. In particular, let us denote with y' and P} the target’s
position estimate and the associated covariance matrix as provided
by vehicle i. Then fusing [16] the estimates gathered from several
MAVs results in

= [2E) ] )y (36)

i=1 i=1

P, = [i(%)”]_l @7

i=1

In Figs. 12 and 13 two examples are depicted. In both of them, the

same target is asynchronously pointed out and localized by
exploiting two different MAV video segments. This is the case of
detection of a target from two different MAVs or detection of the
same target in different segments of the same path of a single MAV.
In both cases, the estimation of the target position can be carried out
as illustrated in the previous sections and then the information can be
fused as described in Eqgs. (36) and (37). In the figures, black solid
ellipses refer to the current uncertainties associated with the MAV
position and localization of the target relative to MAV A; black
dashed ellipses refer to MAV B; the thick bright ellipse and asterisk
represent the resulting cooperative estimate of the target’s position
(white triangle). In particular, in Fig. 12, the target labeled as target 6
(a sedan) is asynchronously detected and localized by both MAV A
and MAV B, and after the information is merged, the localization
error is reduced to 5.30 m, whereas the eigenvalues of the matrix Py
are \/A; = 6.10 m and /A, = 5.77 m (see Table 4). Similarly, in
Fig. 13, the target labeled as target 9 (a pickup) is asynchronously
detected and localized by two MAVs, as reported in Table 5. The
final localization error is 15.60 m, whereas the eigenvalues of the
matrix Py are \/x =17.22 mand \/k—z = 5.82 m. In both cases, the
uncertainty reduction in terms of covariance matrix eigenvalues is
remarkable.

Overall, the examples of this section show that the geolocation
method developed in this paper is capable of accurately localizing
unknown ground targets that pop up in the flight video stream and
that a significant advantage in terms of localization uncertainty
reduction can be obtained in the case of multiple views of the same
target. Moreover, the flight data analysis has proved the technique
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Table 4 Localization results for target 6

VAL, m /Ay, m Error, m
MAV A 8.04 7.30 9.07
MAV B 9.49 8.90 11.23
Cooperative 6.10 5.77 5.30

Table 5 Localization results for target 9

VA, m VA, m Error, m
MAV A 9.03 9.46 15.26
MAV B 11.31 7.56 20.72
Cooperative 7.22 5.82 15.60

developed in the paper to be fairly robust to poor knowledge about
the noise characteristics. Indeed, in Sec. IX, actual flight test data are
used with very limited information about the sensor’s characteristics.
From a computational-load point of view, we should mention that,
although the ILS version of the algorithm was used (Sec. IV) in all
simulation and experimental results, convergence was obtained
within an average of less than 10 iterations, hence proving that the
proposed method is implementable for online applications.

X. Extensions

1) The use of baroaltitude measurements will further improve the
target’s localization accuracy. When the flight altitude # = 100 m, a
calibrated baroaltitude measurement error with a variance of o, =
3 m is achievable.

2) The linear regression-algorithm-based geolocation method
developed in this paper, which uses bearing measurements of a target
taken over time, can easily be adapted to afford the tracking of
moving targets. Similar to kinematic navigation, one stipulates the
target’s motion to be

xP(t) = xPO + vxtv yP(t) = yPU + vy[
where (xp,, yp,) is the target’s initial position and v, and v, are the
north and east components of the target’s velocity, respectively. One
now estimates the augmented parameter vector

Valid target position and velocity estimates will be obtained
provided that the length of the estimation interval NAT, where AT is
the sampling interval, is sufficiently short compared with 1/BW,
where BW is the target’s maneuver bandwidth. This could prove to
be a problem for MA Vs if the target’s velocity and maneuverability,
compared with the MAVs, is high.

3) The novel geolocation methodology developed in this paper
opens the door for on-the-fly gyro calibration: we refer to the
AHRS’s systematic attitude-measurement-error/bias estimation.
Even better results will be achieved if bearings of a surveyed ground
object IP are taken over time and the bias in the attitude measurement
is exclusively estimated. In the parlance of INS [14], transfer
alignment action is achieved.

XI. Conclusions

The localization accuracy of a ground object achieved when one
bearing measurement is taken is generally poor, due primarily to the
low quality of the attitude and heading reference systems onboard
micro air vehicles. In this paper, a novel optical measurement system
particularly suited to micro air vehicle operations is designed. The
novel optical-measurement-based geolocation method hinges on

feature tracking. The geolocation method developed in this paper
yields a much-enhanced target localization accuracy.

The performance of geolocation using a camera and feature
tracking was thoroughly investigated. We have shown that bearings
measurements over time of a stationary ground object afford the
accurate calculation of its location. With differential global
positioning system horizontal-positioning accuracy of ~0.2 m and
bearing-angle accuracy of 0.5 deg, measurements taken during a
~3-s overflight yield a target geolocation accuracy of ~3 m. A
byproduct of the novel optical geolocation method is the calibration
of the air vehicle’s attitude and heading reference systems; that is, the
biases of the positional gyro are estimated. The error in the attitude
measurement, averaged over the measurement interval, is estimated;
that is, the gyros are calibrated. The main result of this paper is that
the target’s position and the micro air vehicle’s systematic attitude-
measurement errors can be jointly estimated using linear regression,
provided that the random measurement errors are small (less than
2 deg) and the gyro’s bias is less than 30 deg. As aresult, the target is
accurately geolocated. In addition, the geolocation method
developed in this paper is capable of accurately localizing unknown
ground targets that pop up in the flight video stream.

Itis shown that good geolocation performance is achievable using
a one-shot bearing measurement, provided that the attitude and
heading reference systems is calibrated before reaching the target
area using an initial point. Geolocation accuracy achieved using this
method is ~10 m. A significant advantage in terms of localization
uncertainty reduction is realized in the case of multiple views of the
same target, whether taken from the same vehicle or from a team of
cooperating vehicles.

Appendix A: Two-Dimensional Geometry

The aim of this Appendix is to provide calculations to derive and
implement algorithms and results presented in Sec. V, in which the
scenario of MAV overflying the ground object is considered.

I. Target Geolocation

The main equation that relates the MAV’s navigation state
(x, z, 8), the position (xp, zp) of the ground object P, and the LOS
measurements ¢, is given next:

xXp=x+ (z—zp)cot(6 —¢) (A.1)
The actual measurements available are
X, =X+ Uy,

v, ~N(O, ag), =240,

9,,, = 49 + b + Vg,
Ve ~ N(O, ag)
where the subscript m denotes measured variables and the bias b is

the systematic measurement error of the MAV’s pitch angle 6.
Inserting these equations into the main equation (A.1) gives

v, ~ N(O, 022), Vg ~ N(O, ‘75)

Cn =+ vy,

Xp =X, =V, + (Zm -V = ZP) COt(em —b- Vg — ;m + U{)

N Xy — Uy — COt(gm - é‘m)vz + (Zm - ZP) |:C0t(0m - ;m)

1
- (b —
@, g O ”Z)]
We have obtained the linear measurement equation in xp and b:

Zm — 2p

(Zm - ZP) COt(em - é‘m) + Xm = Xp — mb
Im — 2p
+ v, + cot(6,, — §,)v, — S0, —2) (v — V)

Assume that N(> 2) bearing measurements are taken and form the
linear regression in the parameters xp and b:



612 PACHTER, CECCARELLI, AND CHANDLER

(Zm] - ZP) COt(9m1 - ;ml) + xml é
N (zmy —2p) OOy, =Gy ) +Xm,
k=1 Zim, —2p ?
2020026 20+ k) (2 402)
(an;v - ZP) COt(GmN - ;mN) + me —p Kk sin 2(9 é‘mk o
1 2P, - b g (2= )= (2P =2 )* Col(gmk—fmk
’ sinz(()m] —§m] ) k=1 Zm —2Zp 2
_ |- . Xp ‘v A2) 03I (O =y )02 c08? (6, —C1)+ m (00+(7 )
' ' b (A4)

1 P —Zmy
S Oy g

The covariance of the equation error V is

R= diag({a_ﬁ + o2cot*(6,, — &)

(A3) L[ Py P
+ (a +0)} d[ Piy P2
(Slnz(emk - ka) v d k=1
The solution of the linear regression equations (A.2) and (A.3) yields
the minimum variance parameter estimate: with
N 2
(zp — 2m)
Pli=) — :
S 025in" (6, — §) + 02500, — 80008 (O, = 5) + (2, — 2 (0F + 03)
N

Zp — Tmy

P1,2=—Z

. Zm, — 2 2
=1 o3sin®(6,, — &) + 07¢08%(0,, — &) + (W) (05 + U?)
my my

XN: 1
= _ 2
k=102 + oZcot*(6,, — &) + (%‘7@)) (05 + a?)

Sll’12 (emk - ka

and the scalar

g XN: | (2p — 2m)?

SN (B, = G) + O280% (B, — £, )05 (B, — G0) + (2, — 2)?(0F + 2

N 1

’ Zm, — 2 2
i otoetn a0+ (g ) ()
my my

N

p — Tmy

k=1 525in%(6),, — &) + 02cos*(8,, — &) + (%)2((@ + 0?)

Hence, the ground object’s position estimate is explicitly given by

1| (zp — Zm,)?

where P is the parameter estimation error covariance and

]

4| 1= 025in* (0, — G) + 02507 (0, — £, )05 (O, — G0 + (2 — 2)?(0F + 02

al (Zm;( - ZP) COt(Hmk - é‘mk) + xmk

) — 2
k=1 g2 + ogZcot*(8,, — &) + (— Zmy — 2P )) (05 + ag)

Sin? (0, — Lo,

Ip — 2y

k

Zm —ZpP 2 2 2
1 62sin?(0),, — &) + o2cos?(6,, — &) + (7sin(9mk — §mk)) (09 + Gg)

Mz

xmk (ZP - ka) - (Z - ka)z COt(enu - ;mk)

’ _ 2
S o6, — b) + %0560, 50 + (im0 ) (o7 + 2)
my my
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and

N
o = |1 (zp — 2m)? A5)
xp — >3 R R .
d k=1 O’)%Sln4(9nq - é‘mk) + UZZSlnz(emk - é‘mk)cosz(emk - g‘mk) + (ka - ZP)2 (0(% + G?)
II. Nonlinear Regression
When the pitch-angle measurement-error/bias b is large, use the ILS algorithm. The following iteration is performed:
o ka —2p A~
(g —=2p) €OUByy =B~y )+ —— ~ 5
S sin®(6,, — b — )
k=1 2
Zm, — 2
. U}-Hrgcotz(ka—[;(i)—znzk)+( - e ,\(i)P ) ({I§+{r?)
fgﬁ-l) o sin*(,,, — b —¢,,)
pin ) = P y (@, — 2)? ) (A.6)
Xung (2p =2 )= (2p =2 ) €Ot Oy, —5 " =L, )+ 5 b0
sin?(0,,, — b —¢,,.)
ZN ny ny
k=1 T, — 2P :
o2sin (0, —Bm—zmk>—a§cos2(0,,,k—5‘”+zmk>+( . (02+0?)
. i) (2
s"l(emk -b" - g‘mk)
where P® is the parameter estimation error covariance and
(i) (@)
pli) — 1 Pl_l‘l Pliz
a | e
and where
N
P(i) _ (ZP - ka)Z
1= ) I 3 e ~
= otsint (0, — B = &,,) + 0%5in?(0,,, = B = 5, )008(0,,, — 6 = ¢,,) + (2, = 20 (0F + 2
N
P(i) _ ip — Zmy
S =1 ~2ain2 £ () 2002 Q) Zmy 2P - 2
=l ogsin®(0,, — b —¢,,) + 0zc08*(0,, — b =) + | — 5 (0(, + ag)
sin(6,,, — b —¢,,)
W _\ 1
) _
Py = Z 0 Zn — 2p 2
k=l g2 4+ o2cot*(,, —b" —¢,) + | — 5 —5 (05 + ag)
sin®(0,,, — b — &)
and the scalar
N
d(;) — (ZP - ka)z
. AQ] . AQ] AUl
=1 o2sin*(6,, — b —¢,,) + oZsin®(6,, — b — ¢, )c0s*(6,, — b — &) + (2, — ZP)Z(Ug + o?)
u 1
’ 2
i Zm, — 2
=102 + o2cot’(8,, — b = §,,) + ( o A(i)P ) (05 + Ug)
sin®(6,,, — b —¢,,)
N
=1 2ai2 0] 2.2 1) Ly — 2P 2, 2
=l ogsin®(0,, —b" — ¢, ) + 0zc08?(0,, — b — &) + | - 5 (09 + UZ)
Sll’l(@mk b - é—m;)
The initial guess solution employed in both simulation (Secs. VII and VIII) and
experimental (Sec. IX) scenarios, and presented in Sec. VI.
b© =0 In particular we refer to the main equation:

()-() vzt [s ¢ o
Appendix B: A; and B; Matrix Calculations e y) 0.0.HCV,
The following is devoted to the computation of the matrices A; and

By in Egs. (15) and (16), required for the implementation of the where
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cos({) cos(§) =y
V, = | cos({)sin(§)
sin(§) By getting rid of the k subscript, the partial derivatives of the right-

hand side of Eq. (B.1) are directly evaluated as follows:

The following parameters are estimated:

0 = [xp. yol" A= of :[1 0 a3 ary a5 ae a1.7}
Wil,., LO 1 @ @ as ayg aig
is the position of the ground object, and
0, =5y We calculate
is the bias in the yaw measurement provided by the MAV’s AHRS. v —sin(¢) cos(§) gy —cos(¢) sin(§)
The measured variables are B_Zb = | —sin(¢) sin(§) a—; = | cos({)cos(§)
cos( 0
y1=[x,y,z,é’,é,9,¢]T é.)

and and

ay3 =

0.1.0)C3V,
0,0, 1)C1V,

(0, 1,0)C(3V,/38) - (0,0, DTV, — (0, 1,0)CV, - (0,0, DLV, /30)
[(0, 0,1)C; vb]2

(0.1,0)C1(3V, /38) - (0.0, 1)CLV, — (0, 1,0)C1V, - (0.0, 1)CL(3V, /8)
[(0, 0, 1)cgv,,]2

(0.1,0)(dC2/3B)V,, - (0.0, 1)CLV, — (0. 1,0)CLV, - (0.0, 1)(3C] /3O V,,
[(0, 0, 1)C; vb]2

(0.1,0)(3C7/3)V, - (0,0, 1)CLV, — (0. 1,0)C}V, - (0,0, ) (ICL/d)V,

[(0, 0, 1)cgv,,]2

ays = (zp—2)

ars = (zp—2)

a6 =(2p—2)

a7 =(zp —2)

81//b cos(¥) cos(f)  —sin(y) cos(¢) + cos(y) sin(f) sin(¢p)  cos(¥) sin(0) cos(¢p) + sin(y) sin(¢p)
0

0 0
aCn —cos(¥) sin(f) cos(¥) cos(0) sin(¢p) cos(¥) cos(d) cos(¢p)
89b —sin(y) sin(0)  sin(y) cos(0) sin(¢p)  sin(y) cos(h) cos(¢)
—cos(6) — sin(6) sin(¢) —sin(6) cos(¢)

aCn |: —sin(y) cos(f) — sin(y) sin(6) sin(¢p) — cos(¥) cos(¢p)  cos(y) sin(¢p) — sin(y) sin(6) cos(¢) i|

aCn 0 cos(v) sin(8) cos(¢p) + sin(¥) sin(¢) sin(y) cos(¢p) — cos(v) sin(6) sin(¢)
b= 0 —cos(¥)sin(¢) + sin(y) sin(6) cos(¢) — sin(y) sin(6) sin(¢p) — cos(¥) cos(¢)
o 0 cos(8) cos(¢) — cos(6) sin(¢)

(L0.0)GyV,
©0.0.1)C1V,
(1,0,0)C3(3V,/30) - (0,0, TRV, — (1,0,0)C4V, - (0,0, 1)CA(V, /3)
[(o, 0, 1)Cy vb]2
(1,0,0)CL(3V,/38) - (0.0, 1)CLV, — (1,0,0)CLV, - (0,0, 1)CL(V,/E)
[(o, 0, 1)cgv,,]2

a3 =

aj4=(2p—2)

ays=(zp— 2)

(1,0, 0)(acg/ae)v,, (0,0, HCLV, — (1,0,0)CLV, - (0.0, 1)(acg/ae)v,,
Mo =(Ep—2) [(0.0, HC}V,
(1,0,0) (acg/aqs) V, - (0,0, 1)C}V, — (1,0,0)CLV, - (0,0, 1)(acg/a¢) v,
[(0, 0, 1)c;;v,,]2

ay;=(zp—2)
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Moreover,
af by, ]
B=— = ’
21,2 |:b2.1
with
by, = _ Tz (1,0,0) aCy v,
[(o, 0, 1)C; v,,] oy
- acr
b2.1 :L' (0,1,0) r Vi
[(0, 0, 1)cgvb] oy
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